In this paper we prove a coincidence point result in a space which does not have to satisfy any of the classical axioms that define a metric space. Furthermore, the ambient space need not be ordered and does not have to be complete. Then, this result may be applied in a wide range of different settings (metric spaces, quasi-metric spaces, pseudo-metric spaces, semi-metric spaces, pseudo-quasi-metric spaces, partial metric spaces, G-spaces, etc.). Finally, we illustrate how this result clarifies and improves some well-known, recent results on this topic.
Introduction
Fixed point theory plays a crucial role in nonlinear functional analysis since, among other reasons, fixed point results are used to prove the existence (and also uniqueness) of solution when solving various types of equations. The Banach contraction principle is considered to be the pioneering result of the fixed point theory, and it is the most celebrated result in this field. The simplicity of its proof and the possibility of attaining the fixed point by using successive approximations let this theorem become a very useful tool in analysis and in applied mathematics. The great significance of Banach's principle, and the reason it is possibly one of the most frequently cited fixed point theorems in all of analysis, lies in the fact that its proof contains elements of fundamental importance to the theoretical and practical treatment of mathematical equations. After the appearance of this result in Banach's thesis in , a great number of extensions (in many occasions, as well-known as the original result, such as those by Krasnoselskii and Zabreiko, Edelstein, Browder, Schauder, Göhde, Kirk, and Caristi; a comprehensive study can be found in [] ) have been proved in various different frameworks (see [, ] In recent times, one of the most attractive research topics in fixed point theory is to prove the existence of a fixed point in metric spaces endowed with partial orders. An initial result in this direction was given by Turinici [] in . Following this line of research, Ran and Reurings [] (and later Nieto and Rodríguez-López []) used a partial order on the ambient metric space to introduce a slightly different contractivity condition, which must be only verified by comparable points. Thus, they reported two versions of the Banach http://www.fixedpointtheoryandapplications.com/content/2014/1/218 contraction principle in partially ordered sets and applied them to the study of some applications to matrix equations. Their proofs involved combining the ideas of the iterative technique in the contractive mapping principle with those in the monotone technique. This approach led to a very recent branch of this field, with applications to matrix equations and ordinary differential equations. The literature on this topic has exponentially risen in recent years. To mention some advances on this topic, we highlight the following ones. Firstly, in order to guarantee the existence and uniqueness of a solution of periodic boundary value problems, Gnana-Bhaskar and Lakshmikantham [] (and, subsequently, Lakshmikantham and Ćirić [] ) proved, in , the existence and uniqueness of a coupled fixed point (a notion introduced by Guo and Lakshmikantham in [] ) in the setting of partially ordered metric spaces by introducing the notion of mixed monotone property. Later, the notions of tripled fixed point, quadruple fixed point and multidimensional fixed point were introduced by Berinde and Borcut [] , by Karapinar and Luong [] and by Berzig and Samet [] (see also [] ), respectively.
But the two main ingredients of all extensions are, basically, the same that we can find in the Banach contraction principle: a complete metric space and a self-mapping verifying a contractive condition. Although modern versions use, in many cases, different kind of mappings, the more intensively studied condition is based on the idea that the distance between the images of any two points (comparable or not) is upper bound by the product of a constant (small enough) and the distance between those points. The main aim of this manuscript is to provide a result powerful enough to guarantee that a nonlinear operator T has, at least, a fixed point, even when we consider that a measure mapping does not have to be an underlying metric structure on the ambient space X and the binary relationship is not necessarily a partial order on X. To do this, we present a result which can be applied in the following adverse conditions: the framework is a set X provided with a preorder and a measure mapping d : X × X → R that does not necessarily verify any of the four classical properties of a metric space (in fact, it need not be one of the following metric structures: a metric, a pseudo-metric, a quasi-metric, a pseudo-quasi-metric or a semimetric). Furthermore, d has not to be symmetric and the triangular inequality must only be verified by a kind of comparable points. Even if d would verify some of the classical properties of a metric, (X, d) would not be a complete space. In this setting, none of the theorems proved until now can be applied to guarantee that a nonlinear operator (even if it is a contractive mapping) has, at least, a fixed point. We illustrate our results with a particular example. Finally, we show that they extend and improve some well-known fixed point theorems.
Preliminaries
Preliminaries and notation about coincidence points can also be found in [] . Let n be a positive integer. Henceforth, X will denote a nonempty set and X n will denote the product space X × X × n · · · × X. Throughout this manuscript, m and k will denote nonnegative integers and i, j, s ∈ {, , . . . , n}. Unless otherwise stated, 'for all m' will mean 'for all m ≥ ' and 'for all i' will mean 'for all i ∈ {, , . . . , n}' . In the sequel, let F : X N → X and T, g : X → X be three mappings. For brevity, T(x) will be denoted by Tx.
Definition . A binary relation on X is a nonempty subset R of X × X. For simplicity, we will write x y if (x, y) ∈ R, and we will say that is the binary relation. We will write
An illustrative example
Let I be the real interval ]-, ] and let X = I ∪ {, , , , , } provided with the following binary relation:
or (x, y ∈ I and x ≤ y). http://www.fixedpointtheoryandapplications.com/content/2014/1/218
Let g the identity mapping on X. Define T : X → X by
for all x ∈ X.
Then the following statements hold. Proofs can be found in Appendix . . The binary relation is a preorder on X, but it is not a partial order on X. . The measure mapping d does not hold any of the four classical properties (M  )-(M  ) that define a metric space. Indeed, it is not a metric on X, neither a premetric nor any of the following: a pseudo-metric, a quasi-metric, a pseudo-quasi-metric, a semi-metric or a partial metric. . Even if d would verify some of the metric properties of Definition ., (X, d) would not be a complete space.
Therefore, none of the theorems proved until now can be applied to the quadruple (X, , d, T) in order to guarantee that T has a fixed point.
Test functions
One of the most important ingredients of a contractivity condition is the kind of involved functions. Recently, many classes of families have been introduced, like altering distance functions, comparison functions, (c)-comparison functions, Geraghty functions, etc. In this section, we present the kind of functions we will use and we show how other classes can be seen as particular cases.
Definition . (Agarwal et al.
[]) We will denote by F the family of all pairs (ψ, ϕ), where ψ, ϕ : [, ∞) → [, ∞) are functions, verifying the following three conditions.
Notice that axiom (F  ) does not necessarily imply the well known condition ψ(t) =  ⇔ t =  ⇔ ϕ(t) = . Furthermore, we do not impose any continuity condition neither on ψ http://www.fixedpointtheoryandapplications.com/content/2014/1/218 nor on ϕ. In order to prove that the family F is very general, next we will show a variety of pairs of functions in F that have been previously considered by other authors in the past. Notice that the condition ϕ ≤ ψ is not necessary.
Proof We prove item (). Conditions (F  ) and (F  ) are obvious. Next, assume that
Letting k → ∞ and taking into account that ψ is continuous, we deduce that lim k→∞ ϕ(a k ) = . As {a k } → L and ϕ is lower semi-
The other two items immediately follow from item .
Example . (see [])
. If a, b >  and we define ψ(t) = at and ϕ(t) = bt for all t ≥ , then (ψ, ϕ) ∈ F . The case a ≥ b is usually included in other papers, but the case a < b is new.
holds because it is impossible to find such kind of sequences since
In this case, the condition ψ(t) =  ⇔ t =  does not hold. 
In [] , the authors used a contractivity condition as follows:
where ψ is an altering distance function and β is a Geraghty function.
Lemma . If ψ is an altering distance function and β is a Geraghty function, then
(F  ) Since ψ is an altering distance function, then it is nondecreasing.
{} because it is an altering distance function.
Let us show that L =  reasoning by contradiction. Suppose that L > . Since ψ is nondecreasing,
In particular, ψ(a k ) =  and
Letting n → ∞, we deduce that
In [] , the authors used a contractivity condition as follows:
where
ψ is continuous and ϕ verifies that {ϕ(t n )} →  implies that {t n } → . http://www.fixedpointtheoryandapplications.com/content/2014/1/218
be two functions such that ψ is an altering distance function and ϕ verifies the following condition:
Proof (F  ) Since ψ is an altering distance function, then it is nondecreasing. (F  ) Assume that there exists t  ∈ [, ∞) such that ϕ(t  ) = . Letting t n = t  for all n ≥  and applying (), we deduce that t  = . In such a case, ψ - () = {} because it is an altering distance function. 
Lemma . If φ is a continuous comparison function, and we define ψ(t) = t and ϕ(t)
= t -φ(t) for all t ≥ , then (ψ, ϕ) ∈ F .
Proof It is clear that every comparison function φ verifies φ(t) < t for all
This is the case of Lemma ..
After we have shown many different contexts in which some pairs of F appear, we present some of their useful properties. http://www.fixedpointtheoryandapplications.com/content/2014/1/218
Remark . In [], Berzig introduced the class of shifting distance functions, which are pairs of functions ψ, φ : [, ∞) → R verifying the following two conditions: 
A fixed point theorem without an underlying metric structure
The main aim of this section is to show sufficient conditions in order to ensure that T and g (given in Section ) have a coincidence point. To set the framework, throughout this section, let (X, ) be a preordered space, and let d : X × X → R and T, g : X → X be three mappings. The following definitions are usually considered when X has a metric structure. However, we do not suppose, a priori, any condition on the mapping d. Indeed, we will only be able to prove that d takes nonnegative values as a consequence of a particular version of the triangular inequality. However, in general, we do not consider necessary to assume this sign constraint.
Definition . We will say that a sequence {x m } ⊆ X:
With respect to the previous notions, the following remarks must be done.
Remark .
• Definition . We will say that a subset A ⊆ X is (d, )-nondecreasing-closed if any dlimit of any -nondecreasing sequence of points of A is also in A.
Similarly can be defined the concepts of (d, )-nonincreasing-closed set and (d, )-monotone-closed set, and, more generally, a d-closed set, when any d-limit of any convergent sequence of points of A is also in A.
In a similar way, the concepts of 
Definition . We will say that a point x ∈ X is a d-precoincidence point of T and g if
In the following results, we will assume some of the following conditions. Proof Since gx m+ gx m+ for all m ≥ , it follows from (d) that, for all m ≥ ,
Remark .
By item  of Lemma ., the sequence {d(gx m+ , gx m+ )} d-converges to zero. Using the same reasoning, since gx m+ gx m+ for all m ≥ , it follows that {d(gx m+ , gx m+ )} also d-converges to zero. Therefore
Let us show that {gx m } is d-Cauchy reasoning by contradiction. Suppose that {gx m } is not d-Cauchy. Then there exist ε  >  and partial subsequences {gx n(k) } and {gx m(k) } verifying
Therefore, the sequence
Now, let us apply condition (e) and () to gx n(k)- gx n(k) gx m(k)- , and we deduce, for all k,
By (d), we also have, for all k,
By item  of Lemma ., it follows that
Joining this inequality and (), we deduce that, for all k,
Letting k → ∞ and using () and (), we deduce that the sequence
Since (ψ, ϕ) ∈ F , axiom (F  ) guarantees that ε  = , which is a contradiction with the fact that ε  > . This contradiction shows that {gx m } is a d-Cauchy sequence.
After the previous technical results, we give the main results of this manuscript.
Theorem . Let (X, ) be a preordered space and let d : X × X → R and T, g : X → X be three mappings which fulfil conditions (a)-(h). Assume that the following condition holds. (p) g(X) is (d, )-nondecreasing-closed. Then there exists z ∈ X such that the sequence {gx m } (defined in Theorem .) d-converges to gz and to Tz. Furthermore, if (i) holds, then z is a d-precoincidence point of T and g.
Notice that, in the previous result, g and T need not be continuous.
Proof Theorem . guarantees that {gx m } is d-Cauchy. Since it is -nondecreasing, condition (g) implies that there exists y ∈ X such that {gx m } d-converges to y (that is, {d(gx m , y)} → ). Moreover, since g(X) is (d, )-nondecreasing-closed, y ∈ g(X), so there exists z ∈ X such that y = gz. Applying (h), gx m+ y = gz for all m and, hence, 
is a -nondecreasing sequence such that {gz m } dconverges to z and to ω at the same time, then d(z, ω) = d(ω, z) = .

Then there exists y ∈ X such that the sequence {gy m } (defined in Theorem .) d-converges to gy and to Ty at the same time. Furthermore, if (i) holds, then y is a d-precoincidence point of T and g.
In any case, T and g have, at least, a d-precoincidence point.
Proof Theorem . guarantees that {gx m+ } is d-Cauchy. Since it is -nondecreasing, condition (g) implies that there exists y ∈ X such that {gx m } d-converges to y. Thus, taking into account that g and T are We summarize and improve all previous results in the following theorem.
Theorem . Let (X, ) be a preordered space and let d : X × X → R and T, g : X → X be three mappings verifying the following properties. (a) T(X) ⊆ g(X). (b) T is (g, )-nondecreasing. (c)
There exists x  ∈ X such that gx  Tx  . http://www.fixedpointtheoryandapplications.com/content/2014/1/218 gy) for all x, y ∈ X for which gx gy. Remark . Obviously, similar results can be stated changing the following hypothesis. • For all coincidence points x, y ∈ X of T and g, there exists u ∈ X such that gu gx and gu gy.
• g is injective on the set of all coincidence points of T and g.
Then T and g have a unique coincidence point. Furthermore, if T and g are commuting, it is a common fixed point of T and g.
Proof Let x, y ∈ X be two coincidence points of T and g. Then gx = Tx ∈ T(X) and gy = Ty ∈ T(X). By Theorem ., d(gx, gy) = d(gy, gx) = . Therefore gx = gy. As g is injective on the set of all coincidence points of T and g, we conclude that x = y. Now let x ∈ X be a coincidence point of T and g, and let z = Tx. By Remark ., z is also a coincidence point of T and g. Then x = z = Tx = gx, so x is a common fixed point of T and g.
Taking ψ(t) = t and ϕ(t) = ( -k)t for all t ≥  in the previous results, we obtain the following particular case. 
Consequences
This section is devoted to show how to apply Theorem . in many different contexts, and how to deduce unidimensional, coupled, tripled, quadruple and multidimensional fixed point theorems (for completeness, they are included in Appendix ).
Fixed/coincidence point theorems in partially ordered metric spaces
In this subsection we show that different results in partially ordered metric spaces, including unidimensional, coupled, tripled, quadruple and multidimensional fixed point theorems, can be seen as simple consequences of Theorem .. (F(x, y), F(y, x) ) for all (x, y) ∈ Y , and let G be the identity mapping on Y . Let X  = (x  , y  ) ∈ Y . Then the hypothesis of Theorem A. implies the hypothesis of Theorem . (for instance, T F is ( , G)-nondecreasing because F has the mixed -monotone property). The contractivity condition holds since, if (x, y) (u, v),
Theorem . assures us that T F and G have a coincidence point, that is, F has a coupled fixed point.
Tripled, quadruple and multidimensional theorems can be proved similarly using X  , X  and X n , obtaining the following result.
Corollary . Theorems A., A. and A. follow from Theorem ..
We remark that the techniques used in this paper might be applied in order to prove other coupled, tripled, quadruple, n-tupled fixed point theorems in the framework of various abstract spaces, e.g., partial metric spaces, cone metric spaces, fuzzy metric spaces, b-metric spaces, etc.
Fixed/coincidence point theorems in quasi-metric spaces
Recall that a mapping q : X × X → [, ∞) is a quasi-metric on X if it satisfies (M  ), (M  ) and (M  ), that is, if it verifies, for all x, y, z ∈ X:
In such a case, the pair (X, q) is called a quasi-metric space. Some preliminaries about convergence, Cauchy sequences and completeness in quasi-metric spaces can be found in [, ] . http://www.fixedpointtheoryandapplications.com/content/2014/1/218 Theorem . Let (X, q) be a complete quasi-metric space and let T, g : X → X be given mappings. Suppose that T(X) ⊆ g(X) and that there exists (ψ, ϕ) ∈ F such that ψ q(Tx, Ty) ≤ ψ q(gx, gy) -ϕ q(gx, gy) for all x, y ∈ X.
Then T and g have a unique coincidence point.
Proof Assume that is the preorder in X given by x y for all x, y ∈ X, that is, all points are -comparable. Then all conditions of Theorem . hold. Moreover, as g(X) is (d, ) nondecreasing-closed, we deduce that T and g have, at least, a coincidence point. Furthermore, if u and v are two distinct coincidence points of T and g, then
which is a contradiction.
If g is the identity mapping on X, we have the following statement.
Corollary . Let (X, q) be a complete quasi-metric space and let T : X → X be a given mapping. Suppose that there exists
Then T has a unique fixed point.
If ψ(t) = t for all t ≥ , we have the following particular case. 
Fixed/coincidence point theorems in G-metric spaces
Following [, ], recall that a generalized metric on X (or, more specifically, a G-metric on X) is a mapping G : X × X × X → [, ∞) verifying the following properties.
In such a case, the pair (X, G) is called a G-metric space. Some preliminaries about convergence, Cauchy sequences and completeness in quasi-metric spaces can be found in Then the following properties hold. . q G and q G are quasi-metrics on X. Moreover, sequence has a unique right-limit (respectively, left-limit). Proof It follows from Theorem . applied to the quasi-metric q G (x, y) = G(x, y, y) for all x, y ∈ X (as in Lemma .).
To conclude the paper, we include two appendices: in the first one, we recall some celebrated theorems that can be seem as particular cases of our main results; in the second one, we prove the statements announced in Section  and why our results can be applied. (X  ) if a nondecreasing sequence {x n } in X converges to some point x ∈ X, then x n x for all n, (X  ) if a decreasing sequence {y n } in X converges to some point y ∈ X, then y n y for all n;
Then F has a coupled fixed point (x * , y 
for all x, y, z, u, v, w ∈ X with x u, y v, z r and w t. Suppose that there exist 
Suppose that either F is continuous or
N i= δ i <  for which d F(U), F(V ) ≤ N i= δ i d(x i , y i ) for all U = (x  , . . . , x N ), V = (y  , . . . , y N ) ∈ X N such that x  y  , . . . , x m y m , x m+ y m+ , . . . , x N y N .
If there exists U
. . .
. . 
